Abstract. In this note we prove that
Introduction and Main Result
In 1878 E. Lucas [9] (also see [6] ) proved a remarkable result which provides a simple way to compute the binomial coefficient for each prime p ≥ 5 cp f + a dp
with f ∈ {2, 3}. A generalization of this Lucas-like theorem to every prime powers p f with p ≥ 5 and f = 2, 3, . . . was discovered in 1990 by K. S. Davis and W. A. Webb [4] and independently by A. Granville [7] . 
where p is a prime, n, m and i are nonnegative integers with m ≤ n and 1 ≤ i ≤ p − 1. Applying the congruence (1.3), in the same paper [2, Theorem 5] the author extended it to the congruence
where p ≥ 5 is a prime, n, m, k and i are nonnegative integers with m ≥ n, 0 ≤ k ≤ p − 1 and
In the next year, proceeding by induction on s ≥ 1, Bailey [3, Theorem 2.1] generalized the congruence (1.4) modulo higher powers of a prime p ≥ 5. This congruence, extended here for each prime p (Corollary 1.2 given below), is obtained as a consequence of the following result. Theorem 1.1. Let p be any prime, and let n, m, s and r be nonnegative integers such that n ≤ m, s ≥ 1, 1 ≤ r ≤ p s − 1 and r is not divisible by p. Then
(Here r −1 denotes the inverse of r(mod p) in the field Z p ). In the next section, using only Lucas' theorem and two basic binomial coefficient identities, we give an inductive proof of Theorem 1.1. with 0 ≤ b ≤ a − 1, we find that
Now we consider two cases. Case 1: k = 0. Then r = 1 and for m = 0 (1.5) reduces to the identity np s = np s . If m ≥ 1, then the right hand side of (2.1) with k = 0 is equal to
which by iterating Lucas' theorem in the form (1.2) s times and using the identity
Comparing this with (2.1) for k = 0, we find that
This proves (1.5) with r = 1 (that is, with i = 1 and k = 0).
Then from r = kp + 1 ≤ p s − 1 we see that must be s ≥ 2. First notice that iterating Lucas' theorem it follows immediately that
where p is a prime, f, a, b, c and d are nonnegative integers such that f ≥ 1, c ≤ p e − 1, d ≤ p e − 1, and b ≤ a. In particular, (2.2) with c = d = 0 yields
Also notice that for each prime p and any integer j such that 0 ≤ j ≤ p − 1 we have
Take k = up l where l ≥ 0 and u ≥ 1 are nonnegative integers such that u is not divisible by p. Then since r = kp+1 = up l+1 +1 ≤ p s −1, we see that must be s ≥ 3, l ≤ s−2 and u < p s−1−l . Taking k = up l for u = s−l−2 j=0 u j p j with 0 ≤ u j ≤ p − 1 for each j = 0, 1, . . . , s − l − 2 and u 0 ≥ 1 into (2.1), using Lucas' theorem, (2.2), (2.3) and (2.4) we find that
(the last two congruences are clearly satisfied since for odd prime p,
, and hence r − 1 = up l+1 ≡ u(mod 2), while for p = 2 we have (−1) t ≡ 1(mod 2) for each integer t). The congruence (2.5) coincides with (1.5) for r = up l+1 + 1. This concludes the proof of the base of induction (i = 1). Now suppose that the congruence (1.5) holds for each r = kp + i with 0 ≤ k ≤ p s−1 − 1 and some fixed i with 1 ≤ i ≤ p − 2; that is This proves (1.5) with r ≡ i + 1(mod p), which completes proof of Theorem 1.1.
Proof of Corollary 1.2. Taking n = 1 and m = 0 into the congruence (1.5) of Theorem 1.1, for all r such that 1 ≤ r ≤ p s − 1 and r is not divisible by p we get p s r ≡ (−1) r−1 r −1 p s (mod p s+1 ).
Comparing this with (1.5), we immediately obtain (1.6).
